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Abstract

We use (and improve upon) a recent time-homogeneous extension of
the SABR-LMM aproach described in Rebonato (2007) to develop a quick
and accurate analytical approximation to the implied swaption prices
given the forward-rate SABR-LMM parameters. This approximation can
be used for studies of calibration of a forward-rate-based LMM-SABR
model to (portions of) the swaption matrix, to determine the CMS drift
corrections (see Hagan (2003)) and to study the congruence between the
caplet and swaption markets.

1 Introduction and Motivation

The SABR ‘model’ has become an industry standard for communicating, in-
terpolating and extrapolating the prices of plain-vanilla caplets and swaptions.
(For a description of the SABR model see, e.g., Hagan et al (2002)). The LIBOR
Market Model (LMM) and its stochastic-volatility extensions have become sim-
ilarly common to price exotics. The deterministic-volatility LMM is described,
e.g., in Brace, Gatarek and Musiela (1996) and Jamshidian (1997). Some of the
many stochastic-volatility extensions can be found, e.g., in Andersen and An-
dreasen (1998), Joshi and Rebonato (2003), Piterbarg (2003), Piterbarg (2005),
Rebonato and Joshi (2004), Rebonato and Kainth (2004), White and Rebonato
(2007).

Labordere (2006) presents a possible unification of the LMM (BGM) and
the SABR models using concepts borrowed from hyperbolic geometry. He finds
relationships between forward-rate and swap-rate volatilities that are exact at
the zeroth order. He proves that approaches such as the one presented in this
paper (based on the ‘freezing’ of suitably chosen stochastic quantities) cannot
be exactly correct away from the at-the-money strike. The relevant question is
therefore whether the approximations that we introduce below are acceptable
in the range of parameters normally found in typical pricing applications.



The SABR model and the LMM do not directly ‘talk to each other’. Ul-
timately, the SABR approach provides a series of independent ‘snapshots’ of
the caplet smiles (one snapshot for each maturity), but does not link these still
frames into a coherent ‘movie’ (i.e., does not prescribe well-defined joint dy-
namics). To overcome this shortcoming, Rebonato (2007) recently introduced
an extension of the forward-rate-based LMM that enjoys the following features:

e it is constructed to be the smallest possible perturbation of a perfectly-
time-homogenous model that recovers the market prices (to a certain ac-
curacy);

e it is of almost immediate calibration;

e with the same parameters it recovers the prices of caplets of all strikes
and maturities (out to 30 years) generated by the SABR snapshots within
approximately half a vega.

Since the approach is relatively new, it is briefly reviewed in Section 2; there
we also introduce the notation and present an improvement on the approxima-
tions in Rebonato (2007).

In this work we assume that the forward rates follow LMM-SABR dynam-
ics whose parameters are available from the procedure described in Rebonato
(2007). Under this assumption we present a semi-analytic approximation to
the SABR parameters for swaptions implied by the LMM-SABR dynamics for
the forward rates. More precisely, the parameters of the LMM-SABR, approach
(plus correlation assumptions, see later) imply a set of prices for swaptions.
One could laboriously obtain the swaption prices using a Monte Carlo simu-
lation and fit the SABR model to these swaption prices. We provide a useful
analytical shortcut that allows us to ‘guess’ very accurately the swaption SABR
parameters that would obtain from this fitting without having to carry out any
Monte Carlo simulation. We also examine the sensitivity of the implied swap-
tion prices to the inputs of the forward-rate-based LMM-SABR model. Such an
approximation would be extremely useful for calibrating the forward-rate-based
LMM-SABR model to (a sub-set of) the swaption matrix and in order to obtain
the drift correction for CMS products in a forward-rate-based LMM approach.

2 Review and Improvement of the Forward-Rate
LMM-SABR Approach

In the deterministic-volatility (no-smile) LMM the desirable feature of time
homogeneity of the caplet implied volatility surface can only be achieved if the
instantaneous volatilities of the forward rates, o;(t,T;), are purely a function,
say, g(), of the residual time to maturity, T; — ¢, of the associated forward rate:

oi(t,T;) = g(Ti = t) (1)



(see, e.g., Brigo and Mercurio (2001) or Rebonato (2002)). For practical appli-
cations one wants a simple and analytical form for the function g(). A common
choice for g(T; — t) is:

oi(1;) = (a+br;)exp (—cr;) + d (2)

with 7; = T; — t. See, e.g., Brigo and Mercurio (2001), Rebonato (2002, 2005),
White and Rebonato (2007) for a justification of the choice and description of
the properties of this function.

With a function g() parametrized by a small number of coefficients, per-
fect recovery of an exogenous set of at-the-money prices cannot in general be
recovered even in the absence of smiles. In the deterministic-volatility setting
a common approach to overcome this problem is to ‘correct’ the time homo-
geneous function as little as possible by introducing expiry-specific factors, k;,
chosen so as to ensure that

T;
5.T? = K2 / o(T, — 1)%dt (3)

where 7; indicates the ‘implied’ (root-mean-squared) volatility of the i*" caplet.
If the function g() is parametrized by a set of coefficients {ay, k = 1,2,...,m},
then a good fitting procedure is to impose that the parameters should be chosen
so as to ensure that the correction factors k; are as close to unity for all forward
rates. When this constraint is imposed, it is generally found that instantaneous-
volatility functions for forward rates naturally display the humped shaped that
has become part of market lore. See Dodds (1998) for an empirical study, and
Rebonato (2005) and White and Rebonato (2007) for indirect evidence from
swaption prices. We would like to retain as much as possible of this intuition
when moving to the stochastic-volatility setting.

Consider the following SABR dynamics under the terminal measure, Q7 of
forward rate f:

ﬂT
dfif" = op (£i7) 707" dzf @)
T
akLTt = vl dw] (5)
0t
E [dzf dw{]| = ¢5aprdt (6)

The SABR dynamics is therefore fully described by the initial conditions, fI, o,
and by the expiry-dependent parameters Bg ABR> ¢§ ABR> vT

As for the LMM specification, we obtain our results under the same terminal
measure, QT, under which the forward rate is driftless. The SABR parameters
above are assumed to be available from a previous SABR fitting to market
caplet prices for all maturities. They implicitly determine the caplet prices for

1To lighten notation, we often omit the dependence of the correlation ¢ and of the exponent
Bsapr on the expiry T.



all strikes. We want to determine the parameters of a LMM such that the LMM
caplet prices for all the same strikes and maturities are as close as possible to
the SABR caplet prices. We want to do so in a financially desirable way. To
this effect, consider the dynamics of the forward rate of maturity 7" under the
same measure, Q7 in the LMM:

dfi = (f})" sTdz; (7)

s =hi'gl" 8)

dkl = pldt + kb dw; 9)
Eldz{dz]] = p,;dt (10)
Eldwidw]] = 6,;dt (11)
Eldwjdz]] = ¢,;dt (12)

with g7 = g(T —t). Note that if k/* = 577 /g!* were a deterministic function of
t and T; (or a constant) we would be in the traditional deterministic-volatility
LMM setting. As for the drift term, pf, for an arbitrary numeraire in general
this term is non-zero for all the forward-rate volatilities. It stems from imposing
the condition that the relative price, given by the forward rate times its nat-
ural payoff divided by the chosen numeraire, should be a martingale. See, eg,
Rebonato (2004). In particular, see Labordere (2006, 2007) for the drift term
when the swap annuity is chosen as numeraire. We note in passing that we
experimented with a variety of numeraires, and always found this term to be
very small, and of negligible numerical impact. We therefore follow Labordere
(2007) and set the drift term p to zero in the approximate formulae that we
derive below.

To retain time-homogeneity as much as possible, we impose that the volatil-
ity of volatility should have the functional form

h(t,T) = h(T —t) (13)
with the function k() parametrized by a set of parameters [I, m,n, ...]. Therefore
o1
kI = ki exp [/ {—2h2(T —s)ds+h(T — s)dws}] (14)
0

and

Lo
s = gkl = g7kl exp [/0 {—2h2(T —s)ds+ h(T — s)dws}] (15)

As far as caplets are concerned, the calibration problem is how to choose the
parameters of the two functions g and h. In a deterministic-volatility setting
the quantities {k7} would be fully determined by the requirement that each
caplet should be perfectly priced. See Equation . This is no longer the case
in the stochastic-volatility setting. We therefore heuristically impose that the



parameters a, b, c and d should be chosen in such a way as to match as closely

as possible the expectation at time 0 of o, of. More precisely, we minimize

over a, b, c and d the sum, x?2, of the squared discrepancies:

N 2

= |ob — (1) (16)

%

where the sum over ¢ runs over the N caplet expiries and

T;
§Uﬂ¢%[;KaMnmm(mﬂ+ﬂwn (17)

The initial values kér “ in Equation are then chosen so as to provide exact
recovery of the quantities agi:

ol = k{G(T) (18)

If the chosen function g(7) allows for a good fit to the dependence of the initial
SABR value o on the maturities Tj, these correction factors will all be close
to 1.

We now move to the second function, h! = h(T — t), that describes the
volatility of volatility. We assume that the SABR maturity-dependent volatility-
of-volatility, v7¢, coefficients are available from a previous market fit. In the
original paper (Rebonato (2007)), it was recommended to use a function of the
form:

hr = (e + Br) exp (—77) + 6 (19)

with 7 =T — t. The parameters «, 3,y and § are chosen to minimize the sum,
x?, of the squared discrepancies:

N

=3 [ R (20)

g

where, again, E(TZ) denotes the root-mean-squared of the function h to time 7;.
Small correction factors, &;, were then applied to ensure the exact recovery of

the root-mean-squared volatility of volatility, A(T;) :
o’ = &h(T) (21)

Here we propose a modification of this procedure that significantly improves its
accuracy. The rationale for the new approximation is as follows.

In the limit as the volatility of volatility goes to zero, we can clearly guarantee
that the distributions of fsapr and fryu match at option expiry (and hence
that the European option prices match) by imposing

T
(me:%/‘ﬂNﬁ (22)

0



When the volatility is stochastic, however, what matters for the terminal distri-
bution of the forward rates (and hence for the pricing of caplets) is neither the
terminal value of the volatility (variance) nor the average value of the volatility
of volatility over the life of the European option. To see this, consider the two
time-dependent volatility of volatility functions, h4(t) and hp(t) depicted in Fig
against the same function g(¢). They have been constructed to have the same
root-mean-squared volatility, TL(TZ) Despite this, it is easy to see that it does
matter for caplet pricing when the high volatility of volatility period occurs:
to begin with, if, for instance, the volatility of volatility were high when the
volatility itself were low (curve labelled h(B) in Fig[l), this stochasticity of the
volatility would effectively be ‘wasted’. More importantly, even if the function
g() were flat, when the volatility of volatility is concentrated has a large effect
on the smile: if it were concentrated towards the expiry, for instance, it would
again have a small impact on option prices. We try to obtain an approximation
that reflects these insights.
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Figure 1: Two possible volatility-of-volatility functions, h4(t) and hp(t), against
a time-varying volatility function, g(t). See the text for an explanation.

The price of a European option conditional on a particular realisation of the
path of the stochastic volatility is

(Call|vol-path) = p(0,T)E [(fr — k)™ [vol-path] (23)



Then the tower ruld’] gives
Call = p(0, T)E [E [(fr — k)™ [vol-path] | (24)
We define the integral of the stochastic volatility squared as

T
Iy = / (o) dt (25)
0
which is itself a stochastic quantity; we define a particular realisation E| of this

integral as ;. If the correlation in the SABR model, ¢, were zero, we could
replace the vol-path by I'y. We therefore have

Call = p(0,TE [E [(fr — k)*|Cr = 77]]
= 500 [ B[Ur -0y fer =] Oy (9

where f(y) is the unknown density of I';. We now proceed in a heuristic fashion
and approximate this unknown density by a Dirac delta at its expectation, and
obtain

Call

%

p0.7) [ B[ = 8y* |02 = 2] 6oz ~ B2l

— 00

p(0.T)B [(fr — k)*|Tr = E[L7]]

T
(fr — k)*‘FT =E VO afdtH (27)

The equivalent expression for the LMM is

p(0,T)E

Call ~ p(0,T)E | (fr — k)+’I‘T =E

T
/0 g(t)2k(t)2dtH (28)

We do not claim that either of these approximations is accurate, but we try
to make the same error when dealing with the SABR and the LMM dynamics.
Looking at equations and , it is clear that in order to match the call
prices we must impose the condition

T
E VO o?dt
/TE[az]dt _ /Tg(t)QE[k:(t)Q}dt —
0 0
(@)2 (eVQT f 1) - (kO)Q/OTg(t)%tﬁfdt (29)

14

=E

T
/ g(t)2k(t)2dt1 =
0

2 Also known as the law of total expectation, or the law of iterated expectations.
3Here we follow the usual notation of using a capital letter to denote a random vari-
able/distribution, and the lower case letter to denote a particular draw from that distribution.



where, as above, 7y = \/%fot (hs)? ds denotes the RMS value of k(). Taylor

expanding both sides of this expression to second order gives

2 272 2 43
(00)° T + 20 2” +(0°)3:/ T

T T 2 k 2 T 4
= (kO)Q/ g(t)?dt + (kO)Q/ g(t)?hy tdt + ( ;) / g(t)*hy t3dt + ...
0 0 0

Equating the first term gives

T

(J())2T: (ko)Q/ g(t)th

0

This is the same condition we had obtained before (see Equation (22))). The
second term then gives:

(00)® V2T?
2

k T 2 1z
y= R (2 / o) tdt) (32)
UUT 0

If the first two terms are matched, and the functions g() and k() are not too
pathological, then one can hope that further terms will not be too dissimilar -
this is the reason for expanding both sides of equation . Note that, as hoped
for, the approximation that we have obtained depends on when the volatility
and the volatility of volatility are large or small.

For the above to hold, it is necessary that pgapr =~ pPrvm and Bgapr =
Braa; so finally, the plausible choices are made:

(bSABR = ¢LMM (33)

ﬁSABR = BLMM (34)

Figs [2] and [3] display the very high quality of the approximation. The curves in
these two figures show:

= (ko)? /OT g(t)QhAtztdt = (31)

e the implied volatilities obtained by inputting the SABR parameters into
the Hagan (2003) approximate formula - curve labelled ‘Market(Hagan)’;

e the implied volatilities obtained by inputting the SABR parameters into a
Monte Carlo simulation of the true SABR process - curve labelled ‘Market
(MC)’; this is our benchmark;

e the implied volatilities obtained using the approximation presented in Re-
bonato (2007) - curve labelled SV-LMM (old);



e the implied volatilities obtained using the approximation presented sug-
gested above (Equation (32)) - curve labelled SV-LMM (new); this is the
curve to be most directly compared with the benchmark.

With the new approximation the largest error for the five-year (ten-year)
caplet is of 11 (9) basis points in volatility for a strike of 3.66% (3.67%) when
the forward is at 5.19% (5.60%), five to ten times smaller than what was o0b-
tained with the previous approximation. It is important to stress that these
figures show that the accuracy of the approximation does not depend on the
correlation between the forward rate and its volatility being close to zero, but
on a cancellation of errors.
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Figure 2: The accuracy of the new approximation for caplets for a 5-year caplet.
The (market) SABR parameters were: f(0) = 5.19%, o(0) = 3.5%, 8 = 0.5,
¢ = —0.45 and v = 33.5%.

3 From Caplets to Swaptions: Specification of
the Correlation Structure

The prices of caplets only depend on the correlation among the forward rates
and the volatilities. For products with more complex payoffs (e.g., swaptions),
however, we must fully specify the parameters in Equations to , ie., we
must also define the correlations among the forward rates, among the volatilities
and the non-diagonal elements ¢,;,4 # j, as only the diagonal of the sub-matrix
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Figure 3: The accuracy of the new approximation for caplets for a 10-year
caplet. The (market) SABR parameters were: f(0) = 5.60%, o(0) = 3.05%,
B8 =0.5, ¢ =—0.395 and v = 28.25%.

¢ is available from the SABR caplet-related information. Let’s therefore define
the full correlation matrix as

_| P @
P 5 4] (3%)
We parametrize the remaining blocks of the matrix as
pi; =m + (L—ny)exp A1 (|T; — T}|)] (36)
Oi5 =12 + (1 —my) exp [=X2 (IT; — T}])] (37)

00 = sien(0:)y/1056551 exp | X (= 1)) =2 (L, =T)'|  (39)

The functional form used for Equations and is well known in the lit-
erature (see, e.g., Rebonato (2002), Brigo and Mercurio (2001)); it allows for
an exponential decay of the correlation as a function of the distance between
the two forward rates to a non-zero asymptotic value, n,,7 = 1,2, with a decay
constant A\;,7 = 1,2. The main advantages of this specification is its parsimony,
and analytical and numerical tractability (as calendar time ¢ does not explicitly
appear). The main drawback is that the decorrelation between variables sepa-
rated by the same ‘distance’ in maturity, |T; — T}|, does not depend on T; and
T}. So, the decorrelation between, say, a two-year and a one-year forward rate is

10



the same as the decorrelation between a twelve-year and a eleven-year forward
rate. This is unpleasant. However, Joshi (2001) and Rebonato (2002) show that
this functional form is not purely ad hoc, and can be taken as the first-order
term of a wide class of more general specifications. Furthermore, Rebonato
(2002) shows that the pricing impact of the precise form of the instantaneous
correlation function on swaptions is rather limited once the overall level of the
decorrelation is correctly captured[']

We stress that a good choice of the correlation matrix is important to study
the congruence between the caplet and the swaption markets. For the more
limited goal of this paper, however, the results do not depend on the particular
parametrization chosen, as they are all expressed simply in terms of the elements
pij» Uiz, and ¢,;, however obtained.

Let SR} # be the forward swap rate spanned by § — « forward rates f* to
B-1.
P

B—1
SR = " wif} (39)

We will often drop in the following the o superscript and the summation limits
unless they are required for clarity. We assume for SR; SABR dynamics of the

typd’}

dSR, = (SR,)? %,dZ, (40)
s, )

i v VA 41

Et Vd t ( )

EldZ.dZ]) = ®dt (42)

We also assume that the forward rates follow a LMM-SABR dynamics as in
Section 2. As anticipated in the introductory section, for a given set of forward-
rate parameters our goal is to approximate analytically (i.e., without making use
of a Monte Carlo approximation) the SABR parameters of the swaption-based
prices implied by the LMM-SABR dynamics of the forward rates. Therefore we
need to ‘guess’ the initial values of the swap-rate volatility of volatility, 3¢, the
correlation between the volatility of the swap rate and the swap rate itself, ®,
the exponent B, and the volatility of the swap-rate volatility, V', as a function
of the forward-rate parameters or functions, g(7;), 3;, P, h(r:), f& i = «a to

6—1.

4We note in passing that, under the specifications above, the super-matrix P need not be
positive definite for all choices of the parameters \;,7 = 1,2, ..,4. In our calculations we ensure
that this is always the case.

5To help the reader through the maze of symbols, we have used the convention of employ-
ing upper-case symbols for swaptions and lower-case for forward rates. Whenever possible
(sometimes across alphabets), the same letters have been used in lower or upper case for the
same quantities relating to forward rates or swap rates.

11



4 Initial Approximations

Let’s apply Ito’s lemma to Equation 1D using the approximatiorﬁ ?9']‘:}“ =0
t

and focus on the volatility part of the resulting expression:

ASR .
S (SR)® dz, = 3 St (f8)F sTedzp
k

off
Br Ty
o Y (1) Tk (13)
k
Consider now the expressions
B
(= ) (SRt Zwkwm ft) (fi" ) mSt St Pk,m (44)
k,m

and

k ﬁk m Tk Tm
WEw S§,.7S
5, Zk,m kWm (.ft ) (ft ) t St Pkm <45)

(Zk wkftk)

From Equation we have:

ﬁ, m m
> ke WEWm, (ftk) " (St ) StTkSt Pk,m

¥,)? = =5 =
( t) (SRt)QB
k\ Bk
= Z {wk (ft) B} {w7 (ft ) }St 5t Pr,m (46)
k,m=1,n; (SRt) (SRt)
Define
P 9
Wi = wy, 47
k (SRt)B ( )
Equation becomes
> WiIWhs s py (48)
k,m=1,n;
Comparing with Equation gives:
dSR; = (SR \/ > WiWhsltsmpy AW (49)
k,m=1,n;

Up to this point no approximations have been made (apart from the avoid-

6This approximation is not required, and could be replaced by the more cumbersome
expression in Jaeckel and Rebonato (2003). The effect is generally small, and exactly zero for
a flat term structure of rates.

12



able gl;" = 0) Let us now assume that the variation over time of the ratio
t

( ft’“)ﬁ’c / (SRt)B can be considered small compared with the variation in the

functions st . This is plausible because swap rates are strongly correlated with
the underlymg forward rates. Then, following usual practice (see, e.g., Hull and
White (2000), Jaeckel and Rebonato (2003)) , it is reasonable to assume that
the ‘weights” W} could be frozen with little loss of precision. (See, however,
Labordere (2006) for a discussion of the limitations of this approach.) This

would give
\/ S WOWOST STy (50)

k,m=1,n;

We use this approximation as our starting point and we derive below further
approximations for the quantities X (initial volatility), ® (swap-rate/swap-rate
volatility correlation), V' (volatility of volatility) and B (exponent) implied by
forward-rate LMM-SABR parameters. We find that several, a priori equally
plausible, approximations could be made. Interestingly enough, however, we
find that surprisingly few provide the exact solution in the case of a one-period
swaption (i.e., a caplet). We therefore use this condition as a powerful guide to
devising our approximations.

5 Approximating the Initial Value of the Swap
Rate, ¥ (First Route)

To approximate the value of 3y we proceed as follows. After ‘freezing the initial
values’, one can assume

T
(20)T g/o ()2 dt =

ZWkWo/ skl " P dt (51)

k,m;

1 T
EO = T Z WISWSL /O ka St pk rndt (52)

k,m

where T is the expiry of the swaption, and T} is the expiry of a particular forward
rate (of course T; > T'). Further freezing the terms k? ‘ to their initial values
gives the following approximation for the initial value of X, Yg:

Ty
So= |7 S WIWa KT [l gt o i (53)
0

km

13



One can verify that in the limit of a one-period swaption (caplet) Equation

gives
_ v |1 T )2
Yo=00=kyt| = (gt ) dt (54)
T Jo

This expression coincides with Equation and is therefore perfectly consis-
tent with the caplet set-up.

6 Approximating >, (Second Route) and the Volatil-
ity of Volatility of the Swap Rate, V'

Recall that the SABR dynamics of the swap rate are

ds =xS8dz (55)
dY¥ = SVdW (56)

with < dZdW >= pq,prdt. We now use the approximation obtained above,

) () -

) o
(X¢) %Zwiwjgzgiktkg< SB S5 | Pis
i,j t t

and we proceed as for caplets to obtain (dropping ¢ subscript)
" " s (Y ()
2 1,510
/0 YAdt E /0 E wiw;g' g’ k'R <SB> < 93 pij | dt

Lol () ()

T . .
Zwiwj / gzng
ij 0
(58)

E

Again setting w; < <5 ) = W; and ‘freezing’, we have

(?/O)Q (eVzT — 1) = <Pij /OT 9'9'E [WiW;k'k] dt)

,J

T
~3 <pijWi0W]Q / ¢'¢'E [kik'] dt) (59)
i 0

We define the cross root-mean-square of the volatility of volatility by

g (1) = \/ L RECIETE (60)

14



With this definition it is easy to show that
B [ (8))7 (£)] = kg exp(Bishu; (1)) (61)
From this we have the expressions
Z02v2T _ OOijTi‘ 7 2
<V> (e - 1) = ; (Pisz' W; koko/o g'g’ exp(0;5h;;(t) t)dt) (62)

Taylor expanding both sides and equating terms of the same order finally gives

1 T
Yo = TZ(/)UW?WJQ%% / glgﬂdt> (63)
0

]

1 R AN
= WOWOLKL k i -

Using this procedure, not only do we obtain an expression for V', but we also
note that the equation we have obtained for the initial value of the swap rate,
Yo, coincides with the expression we had obtained above using a different route.
Finally, it is immediate to verify that Equation coincides with Equation
in the one-period-swaption case.

7 Approximating the Swap-Rate/Swap-Rate
-Volatility Correlation, ¢

In order to approximate the correlation between a swap rate and its volatility
it would be tempting to suggest a simplistic expression such as

o= Z Wk Py (65)

k=1,n;

This would however be inaccurate, the more so the more the forward rates are
imperfectly correlated with each other. To see this, consider the limiting case
when the volatilities of forward rates are strongly correlated with their own
forward rates, but the forward rates themselves have zero correlation among
themselves. In this situation, the correlation between the change in a given
underlying forward rate and the swap rate could be low (the more so, the longer
the swap), and so would therefore be the correlation between the swap rate and
its volatility. This would however not be captured by Equation . We must
ensure that our approximation reflects this intuition.
We want to choose the parameters of the forward-rate process in such a way
that
EldZ,dZ]) = ®dt (66)
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Differentiating expression gives:

d, =d \/Z WOWO s (™ ppo.m (67)

k,m

Using Ito’s lemma gives (see Appendix :

dy
Z—tt = Adt + Y WWppp, UV A duof
k,m;
with
k S;Fk
Uy = 68
t Et ( )

The terms in dt (also given in Appendix [A)]) are irrelevant for the future discus-
sion. So

= 3 WO W, R )

k,m,n,l=1,n;

an[2]
(69)

Freezing the W} terms gives

1 T
Vel 2 {WISWSZWr?WzO‘I"S‘I’Sn‘l’g‘l’éﬂk,mpn,zﬁkn / hfkhf"dt} (70)
0

J k,m,n,l

From Equation it would be tempting to try to achieve E[dZ;dZ]] = ®dt
simply by approximating

dSR d¥
SRE ¥

B (zwfkoﬂgfrdz:) S WO et | | —
T k,m

= > kg WPWRW oy UE VY b,/ ™ dt (71)
k,m,r
i.e., one could set
m T T,.yTk
Zk,m,r kngT(’)WISWS’L\I}f\IJt pk,m¢rk% 0 gtT h?k dt
o= o (72)

or, after pulling the functions g() inside the integral,

Te 1.Tm 1.7 T T, Ty Ty1.T)
Yk ko ko kg WEWIWR o ek Jo 92797 9¢ " he Mt
(20 VT

o
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However, from Equations or together with eqn. one can see that
the correct one-period-swaption (caplet) limit will in general not be recovered
unless

J gt hi dt

— 1/2
(2 I g(t)2ht2tdt)

=1 (74)

or . .
S (gF)" pTat _
. . = ok 1 (75)
(% IK g(t)%lt) (2 I g(t)2hy tdt)

according to whether approximation or are used. This will not happen
for non-trivial cases. In order to fix this problem, we use Equations and
as an indication of the overall structure of the expression we are looking
for, and Equations to as a hint of the problems we must avoid. We
therefore proceed by defining the matrix € as

P o
Q. — 2pij¢ijWiOWj0k(‘)k6 fo glgjh(t)%dt
N (VSoT)?

(76)

From Equation [64] we then have
Qi >0and » Q=1 (77)

i,
i.e. the quantities §2;; have the properties of weights. If we now propose the
following expression for ®

¢ = Z Qijd; (78)
%)

the structure of the approximation reflects the intuition mentioned at the start
of the section and what suggested by Equations and , but, at the same
time, the correct one-period-swaption limit is recovered.

8 Approximating the Swap Rate Exponent, B

Finally, for the exponent B we simply set

B = Z wkﬁk (79)

k‘:l,’n]‘

This Ansatz is clearly heuristic, as the (approximate) sum of CEV-variables
with exponent § is in general not a CEV-variable with the same exponent.
We know however that in the log-normal case the approximation is good (see
Rebonato (1998)), and that in the normal case is exact. As the CEV exponent
B is between 1 and 0, the approximation should be at least a good as in the
log-normal case, and increasingly better as 5 approaches 0.

It is trivial to verify that in the limit of a one-period swaption the approxi-
mation is exact.
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9 Results

9.1 Comparison between Approximated and Simulation
Prices

The most direct way (but not the only way - see below) to check the accuracy
of the approximations above is, of course, to compare the swaption prices as
obtained by a full Monte Carlo simulation with the prices produces by the
approximations suggested above. We performed these checks by using the fol-
lowing inputs. For the forward-rate parameters we used values similar to those
typically observed in the calibration to market caplet prices of the forward-rate-
based LMM-SABR model. As for the various components of the correlation
super-matrix P, we made the following choices:

e in the absence of direct market information we used as inputs a variety of
correlation structures for the volatility /volatility correlations, ;

e the diagonal of the sub-matrix of correlations between the forward rates
and their volatilities, ¢, were obtained from the specified forward-rate
LMM-SABR model;

e the off-diagonal elements of the sub-matrix ¢ were obtained using formula
B3):

e finally, the forward-rate/forward-rate correlations were set around typi-
cal values reported in the literature (see Rebonato (2002) and references
therein).

For each set of forward-rate parameters and correlations we calculated the
‘true’ swaption prices by running a Monte Carlo simulation of the forward-
rate processes. We then used the expressions presented above to calculate the
swaption SABR parameters. The swaption prices from this simulation were
then compared with the prices obtained using the approximate SABR swaption
parameters 3}, ®;, B;, V;. In order to facilitate comparison, we input these
parameters both in a separate Monte Carlo simulation of the true SABR process
and in the Hagan (2002) SABR formula.

The accuracy of the approximations above is shown in Figures [ to To
put these numbers in context in the same figures we also display the accuracy
of the SABR asymptotic approximation. So,

e the curves labelled ‘SV-LMM MC’ report the implied volatilities corre-
sponding to the swaption prices obtained running a Monte Carlo simula-
tion of the LMM-SABR forward-rate processes;

e the curves labelled ‘New Approx (MC)’ report the implied volatilities cor-
responding to the swaption prices obtained running a Monte Carlo simu-
lation of the SABR swaption-rate process with the parameters ‘guessed’
using our approximation;
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e the curves labelled ‘New Approx (Hagan)’ report the implied volatilities
corresponding to the swaption prices obtained inputting the parameters
‘guessed’ using our approximation in the Hagan (2002) SABR formula;

e the curves labelled ‘Market (SABR)’ report the implied volatilities corre-
sponding to the swaption prices obtained inputting in the Hagan formula
the parameters used by the market for swaptions on the same day the
forward-rate parameters were obtained;

e the curves labelled ‘SABR MC’ report the implied volatilities correspond-
ing to the swaption prices obtained running a Monte Carlo simulation of
the SABR swaption-rate process with the parameters used by the market
for swaptions on the same day the forward-rate parameters were obtained.

We stress that no direct comparison should be made between the curves la-
belled ‘New Approx’ and the curves labelled ‘Market (SABR)’ and ‘SABR MC’.
The two distinct sets of curves are presented together only to give a yardstick
to gauge the accuracy of the new approximation.

From these graphs we see that in the worst cases our approximation is of the
same order of accuracy as the asymptotic expansion of the SABR model, and
often much better. We note that the approximations display greater accuracy
for ‘long-tail’ swaptions than for ‘short tail’ ones and for short-expiry than for
long-expiry swaptions For instance, the 10x10 curves for the swaption implied
volatilities obtained using our approximate parameters in a MC simulation and
via direct simulation of the forward-rate LMM-SABR process are virtually on
top of each other: that is why in Fig [I0] there appears to be only four curves.
On the other hand, the accuracy of the approximation is worst for the 5x2
swaption. Since the caplet approximation is excellent (see Figs [2| and , this
suggests that one reason of weakness of the approximations we have proposed
stems from the difficulty in capturing correctly the integral cross-terms between
the functions h() and g() when these change rapidly. This would explain why
‘long-tail’ swaptions are well captured: the longer the underlying swap rate, the
larger the number of forward rates that, by swaption expiry, is still in a very
flat-volatility environment, the smaller the importance of the correct handling
of the time variation of the functions g() and h(). Similarly, if the expiry is
long, for most of the time the cross-integrals of the functions h() and g() will
contain rather flat curves.

9.2 Comparison between Parameters from the Approxi-
mations and the Simulations.

An alternative way to understand the relative accuracy of our approximations
is the following. We first calculated using a Monte Carlo simulation the prices
of the swaptions for several strikes implied by a given set of forward-rate LMM-
SABR parameters. As a second step, we fitted a swaption-based SABR ‘model’
(i.e., the Hagan (2002) formula) to these prices. To avoid multiple minima -
in the SABR model the exponent and the correlation coefficient tend to ‘play
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Figure 10: 10Y into 10Y Swaption

against each other’ (see, e.g., Castagna Mercurio and Tarenghi (2007)) - we
anchored the numerical search around the exponent given by Equation .
We then compared the SABR coefficients obtained by this search with the co-
efficients estimated using the approximations above. This analysis allows us to
appreciate which of the various approximations are more effective.

The results are shown in table [1| below. For each section, the row labelled
‘MC LMM’ displays the SABR coefficients fitted to the prices obtained using
the Monte Carlo simulation of the forward-rate processes, and the row labelled
‘Approx’ displays the SABR coefficients as guessed by our approximate formu-
la{I using as input the parameters of the forward-rate processes and the matrix
P.

We see that the approximation estimates in all conditions very ac-
curately the initial value of the volatility, ¥ (minimum relative error 0.2%,
maximum relative error 0.8%, average relative error 0.5%). As this parameter
is mainly linked to the level of the smile, we understand why our approximate
curves are always well centred at the at-the-money level. The approximation
for the parameter V| that mainly controls the degree of curvature of the smile,
is the second most accurate (minimum relative error 0.5%, maximum relative
error 4.9%, average relative error 2.4%). The approximation for the parameter

7 Actually it shows the SABR fit to the smile produced by running a Monte Carlo on the
SABR dynamics ‘guessed’ by our approximation. This is more appropriate when comparing
to the LMM.
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o B 3 %

5Y Caplet SV-LMM |[ 351% | 0.5 | -43.7% | 30.46%
(Fig. [2) Approx || 3.49% | 0.5 | -42.7% | 30.45%
10Y Caplet SV-LMM || 2.98% | 0.5 | -36.41% | 25.85%
(Fig. [3) Approx | 3.00% | 0.5 | -36.73% | 24.87%

5 X 2 Swaption  SV-LMM || 3.35% | 0.5 | -37.38% | 29.91%
(Fig. Approx || 3.34% | 0.5 | -40.88% | 28.51%

5 X 5 Swaption ~ SV-LMM || 2.92% | 0.5 | -40.44% | 26.92%
(Fig. [5) Approx | 2.95% | 0.5 | -40.58% | 27.08%

5 X 10 Swaption  SV-LMM || 2.65% | 0.5 | -35.68% | 25.80%
(Fig. [6) Approx || 2.64% | 0.5 | -38.25% | 26.08%

5 X 15 Swaption  SV-LMM || 2.55% | 0.5 | -40.18% | 24.98%
(Fig. [7) Approx || 2.54% | 0.5 | -39.22% | 25.52%

10 X 2 Swaption  SV-LMM || 2.84% | 0.5 | -33.22% | 26.52%
(Fig. Approx || 2.86% | 0.5 | -35.13% | 25.56%

10 X 5 Swaption  SV-LMM || 2.62% | 0.5 | -34.12% | 25.55%
Fig. [9) Approx || 2.61% | 0.5 | -35.58% | 24.65%

10 X 10 Swaption SV-LMM || 2.46% | 0.5 | -36.17% | 24.26%
(Fig. Approx || 2.45% | 0.5 | -35.59% | 24.38%

Table 1: Fitted SABR parameters for full LMM Monte Carlo and our approxi-
mation

®, that mainly controls the slope of the smile, is the least accurate (minimum
relative error 0.3%, maximum relative error 8.6%, average relative error 4.2%).
This explains why the small errors in implied volatilities tend to have opposite
signs moving from deeply in- to deeply out-of-the-money.

10 Conclusions and Suggestions for Future Work

We have presented analytical approximation of the swaption prices implied by a
set of parameters for the forward-rate-based SABR-LMM model. In the range
of parameter values associated with market fits, the approximations have been
shown to be very accurate and to do at least as well as, and very often better
than, the generally-market-accepted SABR formula (stemming from the approx-
imate nature of the underlying asymptotic expansion).

En route to obtaining these results we have presented an improvement on
the approach presented in Rebonato (2007) to calibrating the same forward-
rate-based SABR-LMM model to caplet prices.

This work can be of great use in calibrating a forward-rate-based SABR-
LMM to (subsets of) the swaption matrix, or in obtaining a joint calibration
to caplets and swaptions for mixed products (e.g., products with LIBOR-based
payoffs and callability features).

The approximations can also be useful in order to obtain a consistent drift
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correction for CMS products in a forward-rate-based LMM approach. Hagan
(2003) has in fact shown that the correction can be expressed as an integral
over swaption prices. From a set of forward-rate parameters and correlations,
in fact, one can use our approximations to obtain directly the SABR parameters
for swaptions, obtain from these the swaption Black ‘implied volatilities’ using
Hagan (2002) formula and input these into the Black formula for swaptions
under the sign of the integral as in Hagan (2003).

Finally, the approximations we have presented would be very useful to in-
vestigate the congruence of the swaption and caplet markets and to explore
whether the correlation super-matrix P can be profitably ‘implied’ from market
prices of caplets and swaptions.

25



A Original Approximation of ¢

Start from

a>i; Zk m=1,n; W];)W'S’ka,md(sf S?nl)

v, = — 2 (%) (80)
Consider the terms d(si*s7™). Each term is equal to
d(sfFsim) = (stdes?’“ + sihdsI™ + ds]™ds] ) (81)
Taking one term at a time gives:
P s = Kol (KTg) =
g (kT + kg0 ) (52

and
s = 0 (Kol ) 0 (Kg) =

= 97" g7 kR B R Ot (83)
Putting the various terms together gives:
d(slsTm) = (sfmdszk + sTrdsTm + dsTmdsT ) =
kgl (KT gDk dwf + kg dt) +
Tk g (kT m BT g™ 4 T g/ T dt)
ka k.Tm T 97 T th hT'm. O dt (84)
After collecting terms in dt and dw we have:
d(sz—'k s 771) —
[ktT ki (gtT dE gt ) + k[ kT”ngng R O | dt
"‘ktTm ktTk gtngt § htTk dwt ka k'T gt ;i hTm dw;”
Equation therefore becomes

% Zk,m Wgngk,T,Ld(ka StT )

Et 2 (Et)2

(85)

= 2@122{“/]? 0 o [kt T ( Ton /T 1 gTig /Tm) + kT T g T ’”hf’“htTm@km}}dt
) km

Wowo p ka kngngTk th
+Z kmk,mt.tQt t tdwf
k,m (Eg)
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Call A all the terms in dt. Also, define

k= 5
=% (86)
Then a5
= Ad Y WRW oy U b duw (87)
¥, ’

k,m=1,n;
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